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( ) (Jun Uchiyama)
( ) (Masaharu Arai )
$\{$
$-\triangle\psi(x)+q(X)\psi(_{X})=\lambda\psi(x)$ in $\mathrm{R}^{n}$ ,
$\lambda>0$






$H$ $L^{2}(\mathrm{R}^{n})$ $\sigma_{\mathrm{e}ss}(H)=[0, \infty)$
. essential spectrum continuous spectrum $-$
continuous spectrum
. Neumann-Wigner [12]( Simon
) .
$q_{NW}(x)= \frac{-32\sin r}{\{1+g(r)^{2}\}2}$ . $[g^{3}\cos r-3g^{2}\sin^{3}r+g\cos r+\sin^{3}r]$ ,
$g(r)=2r-\sin 2r$,
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$\sin r$
$\psi_{NW}(_{X})=\overline{r\{1+g(r)2\}}$ ’
$\lambda=1>0$ , $x\in \mathrm{R}^{3}$ , $r=|x|$
.





, $q(x)$ 2 .
(Q.1) $q(x)$ $\mathrm{R}^{n}$ ,
(Q.2) $q(x)=-k \frac{\sin 2r}{r}+\mathrm{O}(r-1-e_{0)}$ as $rarrow\infty$ $(\epsilon_{0}>0)$ .
$k$ . $\lambda>0$ $H$ ?
.
“yes” $\Leftrightarrow\exists q(x)$ satisfying (Q.1), (Q.2) $s.t$ . $\lambda\in\sigma_{p}(H)$ .
$” no”\Leftrightarrow\forall q(x)$ satisfying (Q.1), (Q.2) $\lambda\not\in\sigma_{p}(H)$ .
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$\sigma_{P}(H)$ $H$ . “
. . . ” “ . . . ” (Q.2)
$\mathrm{O}(r^{-1-\epsilon})0$ . .
1. (Neumann-Wigner [12]) (Simon )
$n=3,$ $k=8,$ $\lambda=1\Rightarrow(‘ yes$”.
.
2. (Moses-Tuan [10])(Albeverio )
$n=3,$ $k=4,$ $\lambda=1\Rightarrow$ “$yes$”.
3. (essentially due to Atkinson [5]) $\mathrm{n}=1$
(1) $\forall k,$ $\lambda\neq 1,$ $\lambda>0\Rightarrow$ “$no$”.
(2) $|k|\leq 2,$ $\lambda=1\Rightarrow$ “$no$”.






$\forall n,$ $|k|>2,$ $\lambda=1\Rightarrow$ “$yes$”.
.






3 critical . ( $0$ small
perturbation . ) 5 $H$
.
$H=-\Delta+q(x)$ in $L^{2}(\mathrm{R}^{n})$ ,
$q(x)=V_{1}(x)+V_{2}(x)+V_{3}(r)$ , $Q(r)= \int_{1}^{r}tV_{3}(t)dt$ ,
(1) $V_{1}(x),$ $V_{2}(x),$ $V_{3}(r)$ $\mathrm{R}^{n}$ ,
(2) $\lim_{rarrow}\sup_{\infty}V_{1}(x)=0$ ,
(3) $L:= \lim_{rarrow}\sup_{\infty}r\partial_{r}V_{1}(x)<\infty$,
(4) $K:= \lim_{rarrow}\sup\infty|rV_{2}(X)|<\infty$ ,
(5) $M:= \lim_{rarrow}\sup_{\infty}Q(r)-\lim\inf Q(r)rarrow\infty<\infty$ .





Kato [8] : $V_{1}(x)\equiv V_{3}(r)\equiv 0\Rightarrow\Lambda_{K}=I\mathrm{f}^{2}$ ,
Agmon [1] : $V_{3}(r)\equiv 0,$ $K=0 \Rightarrow\Lambda_{A}=\frac{L}{2}$ ,
Eastham-Kalf [6] : $V_{3}(r)\equiv 0\Rightarrow$
$\mathrm{K}\mathrm{h}_{\mathrm{o}\mathrm{S}\mathrm{r}}\mathrm{o}\mathrm{V}\mathrm{s}\mathrm{h}\mathrm{a}\mathrm{h}\mathrm{i}- \mathrm{L}\mathrm{e}\mathrm{v}\mathrm{i}\mathrm{n}\mathrm{e}-\mathrm{P}\mathrm{a}\mathrm{y}\mathrm{n}\mathrm{e}[9]$ : $M< \frac{1}{4}$
$\Lambda_{KLP}=\max\{[\frac{I\mathrm{f}+\sqrt{I\mathrm{f}^{2}+2L(1-2M)}}{2(1-2M)}]^{2},$ $\frac{2K^{2}+L(1-4M)}{2(1-4M)^{2}}\}$ ,
Kalf-Kummar [7] : $M< \frac{1}{2}\Rightarrow$
$\Lambda_{KK}=[\frac{I\mathrm{f}+\sqrt{I\mathrm{f}^{2}+2L(1-2M)}}{2(1-2M)}]^{2}$ ,
Arai-Uchiyama [3] : $M<1\Rightarrow$
$\Lambda_{AU}=\frac{1}{2}$ . $\frac{1}{1-M^{2}}[Ic^{2}+L+\sqrt{I\mathrm{f}^{2}(I\zeta^{2}+2L)+L^{2}M^{2}}]$ .
.
$\bullet$ $\Lambda_{EK}$ $L=0$ $K=0$ $\Lambda_{I\iota’}$
$\Lambda_{A}$ $\Lambda_{EK}$ $\Lambda_{I\mathrm{f}}$ $\Lambda_{A}$ .
$\bullet$ $\Lambda_{KLP},$ $\Lambda_{KK},$ $\Lambda_{AU}$ $M=0$ $\Lambda_{EK}$






$q(x)$ (Q.1), (Q.2) .
$V_{1}(x)=-(k+s+t) \frac{\sin 2r}{r}$ ,
$V_{2}(x)=S \frac{\sin 2r}{r}+^{\mathrm{o}(r^{-})}1-e0$ ,




. A $\Lambda(s, t)$ . ( A
) $s,$ $t$ $\Lambda(s, t)$
.
$\inf\{\Lambda_{I}\backslash ’(s,t)|s=-k, t=0\}=k^{2}$ ,
$\inf\{\Lambda_{A}(s, t)|s=0, t=0\}=|k|$ ,
$\inf\{\Lambda_{EI}\zeta(s, t)|-\infty<s<\infty, t=0\}=\min\{k^{2}, |k|\}$ ,
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$\inf\{\Lambda_{KLP}(S_{)}t)|$ – $<S<\infty$ , $|t|< \frac{1}{4}\}$
$=\{$
$0$ , if $|k|< \frac{1}{4}$ ,
$\min\{k^{2}, |k|\}$ , if $|k| \geq\frac{1}{4}$ ,
$\inf\{\Lambda_{KI\mathrm{f}}(S,t)|-\infty<S<\infty, |t|<\frac{1}{2}\}$
$=\{$
$0$ , if $|k|< \frac{1}{2}$ ,
$\min\{k^{2}, |k|\}$ , if $|k| \geq\frac{1}{2}$ ,
$\inf\{\Lambda_{AU}(_{S}, t)|-\infty<S<\infty, |t|<1\}$
$=\{$
$0$ , if $|k|<1$ ,
$\min\{k^{2}-1, |k|\}$ , if $|k|\geq 1$ .
$k^{2}$ $q(x)$
$V_{1}\equiv V_{3}\equiv 0,$ $V_{2}=-k \frac{\sin 2r}{r}+\mathrm{O}(r-1-\zeta 0)$
. $|k|$
$V_{1}=-k \frac{\sin 2r}{r},$ $V_{3}\equiv 0,$ $V_{2}=\mathrm{O}(r^{-1-e}\mathrm{o})$
. $0$
$V_{1}\equiv 0,$ $V_{2}=\mathrm{O}(^{-}r-\mathrm{g}01),$ $V_{3}=-k \frac{\sin 2r}{r}$




$V_{1}\equiv 0,$ $V_{2}= \{\frac{1}{k}-k\}\frac{\sin 2r}{r}+\mathrm{O}(r^{-}1-\mathrm{g}_{0)},$ $V_{3}=- \frac{1}{k}$ . $\frac{\sin 2r}{r}$
, $K$ $M$ .
$\Lambda_{AU}$ .
Uchiyama [11] : $\lambda>\frac{1}{2}(\sqrt{4k^{2}+1}-1)\Rightarrow$ “$no$”
.
A. (Arai-Uchiyama [2])
( $-\triangle+q_{1}(X)+q2(_{X)})\psi(X)=0$ in $\mathrm{R}^{n}$ ,
$q_{1}(x),$ $q_{2}(x)$ : bounded, real-valued,
$\exists\sigma(r),$ $\exists\eta(r)$ : real-valued,
$\exists\delta>0,$ $\exists\tau>0$ : constants $s.t$ .
(1) $\sigma(r)\geq\delta$ for $\forall x\in \mathrm{R}^{n}$ ,
(2) $\eta(r)\leq 2$ , bounded,
(3) $\lim_{rarrow}\sup_{\infty}[r\partial_{f}q_{1}+\eta(r)q1+\sigma(r)-1|rq2^{-Q’}(r)|^{2}]<0$ ,
$Q(r)= \frac{1}{4}(\eta(r)-\sigma(r))$ ,
(4) $rq_{2}(x)-Q’(r)$ . : bounded,
(5) $\lim_{rarrow\infty}\exp(\int_{1}^{r}\frac{\tau-\eta(t)}{t}dt)=0$ ,
(6) $\exp(-\int_{1}^{r}\frac{\sigma(t)+\eta(t)}{2t}dt)\not\in L^{1}(1, \infty)$ ,
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$\Rightarrow$




$\exists s,$ $\exists u,$ $\exists v,$ $\exists\sigma_{0},$ $\exists\eta_{0}$ : real constants $s.t$ .
$q_{1}(x)=-(k+s) \frac{\sin 2r}{r}-\lambda$ ,





$\exists s,$ $\exists u,$ $\exists v,$ $\exists\sigma_{0},$ $\exists\eta_{0}$ .: real constants $s.t$ .
$\sigma_{0}+\eta 0\leq 2,$ $\eta 0>0,2|u|<\sigma_{0},$ $\eta 0+2|v|\leq 2$ ,
$f(X)>0$ for $\forall X\in[-1,1]$ ,
$f(X)=\{(s-u.+v)24u+(k+s+v\lambda)\}X^{2}$




$\lambda+\sqrt{\lambda}$ : $\lambda\geq 1$ ,
$1+\sqrt{\lambda^{2}-\lambda+1}$ : $1>\lambda>0$ .
$q_{1},$ $q_{2}$
$q_{1}+q_{2}=q-\lambda$
. A $\mathrm{B}$ .
5.(Arai-Uchiyama [4])
$|k|<$ $.\cdot.\cdot$ $\lambda\geq 11>\lambda’>0$ . $\Rightarrow$ “$no^{)}’$ .
$6.$ ( $\mathrm{A}\mathrm{r}\mathrm{a}i\mathrm{i}$-Uchiyama[4])
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